Under the inspiration of polar coordinates, a novel parametric modeling and optimization method for Savonius wind turbines was proposed to obtain the highest power output, in which a quadratic polynomial curve was bent to describe a blade. Only two design parameters are needed for the shape-complicated blade. Therefore, this novel method reduces sampling scale. A series of transient simulations was run to get the optimal performance coefficient (power coefficient C p ) for different modified turbines based on computational fluid dynamics (CFD) method. Then, a global response surface model and a more precise local response surface model were created according to Kriging Method. These models defined the relationship between optimization objective C p and design parameters. Particle swarm optimization (PSO) algorithm was applied to find the optimal design based on these response surface models. Finally, the optimal Savonius blade shaped like a "hook" was obtained. C m (torque coefficient), C p and flow structure were compared for the optimal design and the classical design. The results demonstrate that the optimal Savonius turbine has excellent comprehensive performance. The power coefficient C p is significantly increased from 0.247 to 0.262 (6% higher). The weight of the optimal blade is reduced by 17.9%.
Introduction
In recent years, the gradually exhausting non-renewable energy resources and economic viability stimulate the development of renewable energy technology. The use of Savonius wind turbines is within of this context, but Savonius wind turbines are still not widespread. Savonius turbines are suitable for many scenarios, such as the small and medium-sized distributed power generation [1] . Main advantages of Savonius wind turbines can be described as follows: high starting up and full operation moment; operate in a wide range of wind conditions; simple construction with low cost; low noise emission and stable performance [2] [3] [4] . Altan et al. [5] and Tian et al. [2] have explained the work principle of a Savonius rotor by analyzing the main flows around the turbine.
However, relatively low efficiency of Savonius turbines is a great limitation. Therefore, different efforts are directed towards finding a better design for Savonius turbines, which will improve its performance. Some previous studies have suggested many different modified methods to obtain the optimal Savonius turbine. The "optimal" means that the Savonius wind turbine has its highest
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Parametric Modeling Method
A novel parametric modeling method was presented. It is an inspiration from polar coordinates. Polar coordinate system is a 2D coordinate system in which each point on a plane is determined by a distance from a reference point and an angle from a reference direction. The reference point (analogous to the origin of a Cartesian system) is called the pole, and the ray from the pole in the reference direction is the polar axis. The distance from the pole is called the polar radius, and the angle is called the polar angle. First of all, a quadratic polynomial curve defined by Equation (1) was drawn, as shown in Figure 1a . y = 0.025x 2 − 0.07x + 0.1884 is regarded as an example. Analogous to the polar coordinate system, the value of horizontal axis x was set to polar angle, spanning approximately from −π/2 rad to +π/2 rad. The value of vertical axis y was set to polar radius. Finally, the polar radius was rotated along with the polar angle changing from −π/2 rad to +π/2 rad. It means that the curve is bent and rotated to generate a more precise blade. The profile shape of the blade was drawn, as shown in Figure 1b . Two origin-symmetric blades rotate around the central axis and make a Savonius turbine rotor. y = a 2 x 2 + a 1 x + a 0 (1)
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Equation (2) can be further transformed into:
In this process, a 0 can be expressed by a 2 . By removing unconcerned variables, the number of design parameters is further reduced. Main geometrical parameters of the classical Savonius turbine and the modified Savonius turbine are listed in Table 1 . 
Thus, a 2 and a 1 define the corresponding quadratic polynomial curve. Meanwhile, the blade of the modified Savonius turbine rotor needs to meet two assumptions: (1) the blade is convex; and (2) h is the length and ranges between 0 and 2 times of r. Thus, the blade shape is limited in the normal range by these assumptions. Accordingly, a 2 and a 1 could not be selected at random. The selection space that satisfies all the constraints and assumptions is called feasible region. Feasible region of a 2 and a 1 is precisely defined, as shown in Figure 3 . Nine typical sample points are selected in the feasible region as examples. According to the nine sample points P N (a 2 , a 1 ), the corresponding blades are drawn, as shown in Figure 3 . In this study, the blade shape will be optimized. Thus, the effect of other variables should be removed. Hence, the overall size of the modified Savonius is set equal to the classical Savonius. The parameters such as D, H, d, and S0 are same [24, 25] . To guarantee the consistency of the overall shape, a main constraint condition, that the length of a blade d is the same, is shown as follows:
In this process, 0 a can be expressed by 2 a . By removing unconcerned variables, the number of design parameters is further reduced. Main geometrical parameters of the classical Savonius turbine and the modified Savonius turbine are listed in Table 1 . 
Thus, a2 and a1 define the corresponding quadratic polynomial curve. Meanwhile, the blade of the modified Savonius turbine rotor needs to meet two assumptions: (1) the blade is convex; and (2) h is the length and ranges between 0 and 2 times of r. Thus, the blade shape is limited in the normal range by these assumptions. Accordingly, a2 and a1 could not be selected at random. The selection space that satisfies all the constraints and assumptions is called feasible region. Feasible region of a2 and a1 is precisely defined, as shown in Figure 3 . Nine typical sample points are selected in the feasible region as examples. According to the nine sample points PN (a2, a1), the corresponding blades are drawn, as shown in Figure 3 .
-0. A series of shape-complicated blades can be described using only two design parameters. Corresponding nine groups of design parameters (sample points) are listed in Table 2 . 
Coefficient of Performance
Tip speed ratio (TSR) means the ratio between rotor blade tip speed and inflow air speed and is defined as follows:
Two indicators are used to describe the performance of Savonius wind turbines: torque coefficient (C m ) and power coefficient (C p ). C p represents the fraction of extracted power from the total power of air flow which runs through the projected area of turbines at the flow direction. Power coefficient C p is mainly used to evaluate the comprehensive performance of Savonius turbines. Therefore, the optimization objective is C p . C m and C p can be obtained as follows:
C p = P/(0.5ρHDv
where M is the torque acting on Savonius turbines; P is the power; Since only 2D simulations were performed, the unit height H = 1 m was used [26] . ρ is the air density.
Numerical Method
In the whole optimization process, numerical method using Ansys Fluent provides foundation elements for the modeling of the response surface surrogate model (established by using Kriging method). The fluid forces, moments, angular velocities, etc. acting on these turbines could be obtained separately. Therefore, the performance (power coefficient C p ) of different turbine is obtained. A series of transient, 2D representations of the flow field was built. Hence, the flow in the vertical direction was neglected, which is equivalent to 3D Savonius rotors with endplates. It was already successfully proved in similar studies using Ansys Fluent [6, 8, 27] . Due to the low velocity (7 m/s) in the flow [26] , basic assumptions are presented:
(1) Temperature and density variation of the flow was negligible.
(2) The relative velocity is assumed to be vector having constant direction. (3) The rolling resistance of the rotor shaft is not included in the simulation.
Computational Domains and Grid Generation
Two fluid domains were created. Rotating domain and stationary domain are shown in Figure 4 . The computational domain has a width of 20D and a length 30D (D = 0.909 m is the diameter of the rotor). The turbine was placed in the symmetry axis of the top and bottom boundary and at a distance of 10D from the left boundary. Since the computational domain is large enough, the outlet is far enough away from the rotating domain. The distance between the outlet and the rotating domain is 20 times the width of the turbine rotor. According to the practical simulation results, the pressure of outlet could remain stable. Similarly, the side walls are far enough away from the rotating domain.
The width of the computational domain is 20 times the width of the turbine rotor. The pressure of side walls remains stable. The side walls have no effect on the turbine rotor. Therefore, blockage effects could be excluded. Boundary conditions are set as follows:
(1) Inlet: The velocity-inlet was set to be equivalent to inlet depending on the desired TSR. width of the turbine rotor. The pressure of side walls remains stable. The side walls have no effect on the turbine rotor. Therefore, blockage effects could be excluded. Boundary conditions are set as follows:
(1) Inlet: The velocity-inlet was set to be equivalent to inlet depending on the desired TSR. 
Numerical Method Validation
Mesh independence validation study and a time step independent studies were conducted respectively. The verification simulations were conducted (v = 7 m/s, TSR = 1.0). Mesh independence was tested by assessing the instantaneous torque of a single blade with different mesh densities. The instantaneous C p is presented in Figure 6a . The average C p is listed in Table 3 . The different C p has the great consistency for different mesh (61,000/86,900/117,000 elements). Accordingly, the mesh with approximately 60,000 elements was sufficient for the mesh independent study.
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Simulation Example
A blade built using design parameters
is considered in this section.
In the numerical simulation process, the cyclical torque coefficient during 10 rotation periods was monitored at TSR = 1.0, as shown in Figure 8 . The calculation procedure accomplishes convergence in the sixth and subsequent rotation periods. In Figure 9 , velocity distribution and pressure distribution were obtained after post-processing, as will be discussed in Section 5. 
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Optimal Design Method
Generally, PSO is a method of searching for the optimal value based on a certain known model (Surrogate model). In this paper, the certain known model is established by using Kriging Method. Kriging Method establishes relation model between optimization objective C p and design parameters (a 2 and a 1 ). PSO could find the maximum value of C p . Finally, the optimal value of C p corresponds to the optimal design parameters of the blade. There are some similar methods that can be used in this optimization process. When choosing a surrogate model for the optimization problem, Kriging model has been compared with Polynomial response surface model. Obviously, Kriging method is more convenient, faster and more accurate. Meanwhile, PSO has been compared with genetic algorithm (GA). PSO and GA are both global optimization methods. Regarding this optimization question, GA-based iteration takes up to 2-3 times as long as PSO-based iteration. It could be seen that PSO in conjunction with Kriging model is better than similar methods and could satisfy our requirements in practice.
Kriging Method
Numerous adaptations of design parameters (a 2 , a 1 ) were performed. Generally, Kriging method expresses the unknown functionŷ(X) as:ŷ
where X is an n-dimensional vector (n design variables, a 2 and a 1 ); β is the linear regression part; and z(X) is the local deviation. z(X) represents a model of a Gaussian and stationary random process with zero mean and covariance:
where σ 2 is the variance of stationary random process; and R(X, X i ) is the spatial correlation function which represents the correlation between z(X) and z(X i ). The spatial correlation function is defined as:
where θ k is the kth element of correlation vector parameter θ. According to the Spatial Correlation Function, the correlation matrix can be obtained as follows:
where R(X N , X N ) is a spatial correlation function of two known points, and each possible combination of these simple points is described by matrix R. The correlation between an unknown prediction point x and the N known sample points is defined as follows:
The main goal of the paper is to optimize the design of the blade, so the details of the derivations details are not described here. The final Kriging predictorŷ(X) is obtained:
whereβ is the least-squares estimated of β; and Y is N-dimensional vector:
According to Kriging method, the response surface model has been built as optimization function by using Matlab program.
Particle Swarm Optimization (PSO)
PSO algorithm simulates the natural swarming behavior of birds flocking. The great ability in global optimal search and avoiding trapping in local optimum are very attractive [20, 21, 28] . The steps of PSO are as follows:
(1) Initialize N particles (Initial group N design parameters a 2 , a 1 ) . The number of random particles is N = 500: a 2 1, a 1 1), P2 = (a 2 2, a 1 2), P3 = (a 2 3, a 1 3) . . . P500 = (a 2 500, a 1 500)
(2) Calculate the fitness value (C p ) for each particle according to the certain known model f (Surrogate model):
where f is derived from Kriging method, andŷ(X) according to Equation (16) . (3) Set the particle Pi with the best fitness value (C p ) in history as personal optimal solution (pBest). (4) Choose the particle Pg with the best fitness value (C p ) of all the particles as the global optimal solution (gBest).
(5) Then, for each particle, calculate particle speed according Equations (21) and (22) in the a 2 and a 1 direction.
where v a2 and v a1 are particle speed; pBest a2 and pBest a1 are personal optimal solution; present a2 and present a1 are present position. c1 and c2 represent the mean stiffness of the springs pulling a particle. By changing c1 and c2 one can make the PSO more or less "responsive" and possibly even unstable. The best performance could be obtained by initially setting ω to some relatively high value, which corresponds to a system where particles perform extensive exploration. With and an appropriate choice of ω and of the acceleration coefficients (c1 and c2), the PSO can be made much more stable.
In this case, PSO may improve performance. In practice, the values c1 = c2 = 2.0, and ω = 0.8 are almost ubiquitously adopted in PSO research [28] . (6) Update particle position according Equations (23) and (24) per unit time t.
(7) When the maximum number of iterations or minimum error criteria is attained, the optimization process stops. In this paper, the maximum number of iterations is 200, which is set as the stop criterion. The general procedure of PSO is shown in Figure 11 . PSO is implemented in a computer program (using Matlab language) in conjunction with Kriging model. The procedure outputs are optimal value C p . Then, two variables representing design parameters (a 2 and a 1 ) of the turbine are translated from Kriging model. Hence, with the help of PSO, the optimal design parameters can be found.
Calculate the fitness value according to
Kriging surrogate model Set the particle with the best fitness value as personal optimal solution； Choose the particle with the best fitness value of all the particles as the global optimal solution.
The maximum number of iterations is attained End
Yes
No
Calculate particle speed for each particle； Update particle fitness value for each particle Initialize particles for each particle Start Figure 11 . The general procedure of particle swarm optimization (PSO).
Optimization Results
The optimization procedure is divided into two steps: Firstly, a global Kriging response surface model was established in feasible region (Figure 3 ), as shown in Figure 12a . In this step, 36 Savonius turbines were investigated. The optimal range of design parameters converged at a local region were determined, as shown in Figure 12b . Global response surface model is generally rough estimate, but it will narrow down the region of a2 and a1, which has contributed to establish a more precise response surface model. Secondly, 25 Savonius turbines were added as sample points in the local optimal region. Hence, a more precise Kriging response surface model was established, as shown in Figure 13a . Through Figure 11 . The general procedure of particle swarm optimization (PSO).
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Results and Discussion
Comparison of the Geometries
After a series of optimization process, we obtained the optimal design parameters for the modified Savonius, when its Cp achieves maximum value (significantly enhanced from 0.247 to 0.262). The shape of the optimal Savonius blade and the classical Savonius blade is compared in Figure 14 . The profile shape of optimal blade looks like a "hook". There are similar conclusions from previous studies using other design methods [16, 24] . The profile of the blade close to the central axis becomes narrower, while the profile of blade far from the central axis becomes wider. Due to the new profile shape of the optimal blade, there are many obvious improvements. Firstly, when the blade work as an advancing blade (Figure 15 ), the optimal blade will hold more air at a greater distance L1. Airflow will be directed more to the distal of the blade. By contrast, the classical blade just holds air in its center, which is the source of lower efficiency of classical Savonius. The arm of air force of the optimal blade L1 is obviously greater than that of the classical blade L2. Therefore, the optimal blade will obtain more driving torque and power from air than the classical blade. Secondly, the optimal blade with a smaller size has the advantageous to decrease the drag during the returning process and cut costs. The air pressure acting on the optimal blade is higher than the classical blade in most cases, as shown in Figure 19 . Finally, by comparing the Finally, an optimal design, which satisfies all restrictions and makes C p of the Savonius turbine reach maximum value, was obtained. The characteristic of the optimal Savonius turbine will be investigated in the following sections.
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Flow Structure
There is a great wake of the turbine about 7D in the downstream. The flow structure of the wake is similar to the structure of a Karman vortex street [25] , as shown in Figure 16a . According to the velocity distribution, a large number of rotating vortices are visible. The intensity of these vortices decreases with time. In the position of rotating vortices, low-pressure areas appear correspondingly, as shown in Figure 15b . For the optimal blade, the distance between the center of pressure and the central axis is obviously greater than that of the classical blade. Thus, the arm of the resultant of the forces of the optimal blade is obviously greater than that of the classical blade. Therefore, the optimal blade would obtain more driving torque and power from air than the classical blade. Compared with other similar studies, only two design parameters are used for the shape-complicated blade. The adoption of the two parameter approach simplifies the difficulty and complexity of the design of blades. Therefore, the optimal design is suitable for mass production. In addition, the optimal results provide a new design idea and reference resources for further investigations. Cubic polynomial curve or higher order curve could be used to describe a more precise blade in the future. However, for now, the bent second order polynomial is acceptable as an optimal design, since the Savonius wind turbine obtained its highest power coefficient C p by using minimal parameters (only two design parameters). Main geometric parameters are listed in Table 4 . Moreover, according to relative weight, the weight of the optimal blade is significantly reduced by 17.9%. 
There is a great wake of the turbine about 7D in the downstream. The flow structure of the wake is similar to the structure of a Karman vortex street [25] , as shown in Figure 16a . According to the velocity distribution, a large number of rotating vortices are visible. The intensity of these vortices decreases with time. In the position of rotating vortices, low-pressure areas appear correspondingly, as shown in Figure 15b . For the optimal blade, the distance between the center of pressure and the central axis is obviously greater than that of the classical blade. Thus, the arm of the resultant of the forces of the optimal blade is obviously greater than that of the classical blade. Therefore, the optimal blade would obtain more driving torque and power from air than the classical blade. Velocity distributions around the optimal Savonius turbine at different rotor angles are shown in Figure 17 . Because the turbine is origin-symmetric, the velocity distributions at the rotor angle of 0°, 45°, 90°, and 135° can be used to describe flow characteristics in a whole rotation period.
Rotating blade wake appears indistinctly following the returning blade, as shown in Figure 17a ,b. Stagnation point appears on the convex side of the returning blade, as shown in Figure 17c ,d. High-speed rotating vortices gradually separate from the advancing blade at about 135°, as shown in Figure 17d . The overlap ratio and the spacing have a significant impact on the performance of the Savonius turbines [4, 29] . The optimization objective is the shape of blade in this paper, so other design variables (for instance, overlap ratio) are not analyzed in detail. Figure 17d . The overlap ratio and the spacing have a significant impact on the performance of the Savonius turbines [4, 29] . The optimization objective is the shape of blade in this paper, so other design variables (for instance, overlap ratio) are not analyzed in detail. Velocity distributions around the optimal Savonius turbine at different rotor angles are shown in Figure 17 . Because the turbine is origin-symmetric, the velocity distributions at the rotor angle of 0°, 45°, 90°, and 135° can be used to describe flow characteristics in a whole rotation period.
Rotating blade wake appears indistinctly following the returning blade, as shown in Figure 17a ,b. Stagnation point appears on the convex side of the returning blade, as shown in Figure 17c ,d. High-speed rotating vortices gradually separate from the advancing blade at about 135°, as shown in Figure 17d . The overlap ratio and the spacing have a significant impact on the performance of the Savonius turbines [4, 29] . The optimization objective is the shape of blade in this paper, so other design variables (for instance, overlap ratio) are not analyzed in detail. 
Pressure Distributions
Pressure distributions of the flow field around the turbine are presented. At the rotor angle of 0 • (Figure 18a ), a high-pressure area can be observed at the concave side of the advancing blade, and a low-pressure area can be observed at the convex side of the advancing blade. At 45 • (Figure 18b ), pressure distributions around the advancing blade are similar to 0 • rotor angle. A high-pressure area acts on the convex side of the returning blade, and a low pressure area acts on the concave side. The pressure differential provides a great torque inhibiting the rotation of the turbine rotor. At 90 • (Figure 18c ), a great low-pressure area appears at the top of the advancing blade. The pressure differential of the returning blade has a moment arm which creates negative torque inhibiting the rotation of the rotor. At 135 • (Figure 18d ), this great low-pressure area leaves the top of advancing blade. The distance between the center of pressure and the central axis is obviously greater after optimization. 
Pressure distributions of the flow field around the turbine are presented. At the rotor angle of 0° (Figure 18a ), a high-pressure area can be observed at the concave side of the advancing blade, and a low-pressure area can be observed at the convex side of the advancing blade. At 45° (Figure 18b) , pressure distributions around the advancing blade are similar to 0° rotor angle. A high-pressure area acts on the convex side of the returning blade, and a low pressure area acts on the concave side. The pressure differential provides a great torque inhibiting the rotation of the turbine rotor. At 90° (Figure  18c ), a great low-pressure area appears at the top of the advancing blade. The pressure differential of the returning blade has a moment arm which creates negative torque inhibiting the rotation of the rotor. At 135° (Figure 18d ), this great low-pressure area leaves the top of advancing blade. The distance between the center of pressure and the central axis is obviously greater after optimization. In practice, to maintain the stable power network frequency to ensure the quality of power supply, the rotary speed of wind turbine or generator is limited to a fixed value ω. Therefore, the TSR = ω D/(2v) is a fixed value under specific wind speed v. In practice, to maintain the stable power network frequency to ensure the quality of power supply, the rotary speed of wind turbine or generator is limited to a fixed value ω. Therefore, the TSR = ωD/(2v) is a fixed value under specific wind speed v. 
Torque and Power Analysis
The variation of the instantaneous torque coefficient with the rotor angle at different TSR is shown in Figure 20 . The amplitude of instantaneous Cm increases with the TSR. They have a similar change rule, but the optimal design is obviously higher than classical design. 
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The variation of the instantaneous torque coefficient with the rotor angle at different TSR is shown in Figure 20 . The amplitude of instantaneous Cm increases with the TSR. They have a similar change rule, but the optimal design is obviously higher than classical design. By comparing instantaneous C m for the classical Savonius and optimal Savonius at the same TSR (TSR = 1.0), the amplitude of C m becomes greater after optimization. The instantaneous C m is optimized as shown in Figure 21 .
By comparing instantaneous Cm for the classical Savonius and optimal Savonius at the same TSR (TSR = 1.0), the amplitude of Cm becomes greater after optimization. The instantaneous Cm is optimized as shown in Figure 21 . While investigating the variation of the average Cm and Cp with TSRs, the optimal Savonius turbine exhibits superior characteristics. Figure 22a Main performance parameters are listed in Table 5 at peak performance. The optimization objective Cp is significantly increased. The results illustrate the effectiveness and validity of the optimal design method. While investigating the variation of the average C m and C p with TSRs, the optimal Savonius turbine exhibits superior characteristics. Figure 22a While investigating the variation of the average Cm and Cp with TSRs, the optimal Savonius turbine exhibits superior characteristics. Figure 22a Main performance parameters are listed in Table 5 at peak performance. The optimization objective Cp is significantly increased. The results illustrate the effectiveness and validity of the optimal design method. Main performance parameters are listed in Table 5 at peak performance. The optimization objective C p is significantly increased. The results illustrate the effectiveness and validity of the optimal design method. 
Conclusions
To obtain the highest power output, a novel parametric modeling and optimization method for Savonius wind turbines was proposed by referring to polar coordinates. Only two design parameters were set to describe a blade, which is a great improvement for the optimization process. Sixty-one geometries of Savonius wind blades were numerically analyzed using CFD method. Numerical simulation results were compared to the experimental data, which verified the feasibility of the numerical method. Response surface surrogate models were established according to Kriging method. Accordingly, PSO algorithm was presented to obtain the optimal design parameters of the Savonius blade. By comparing the optimal Savonius turbine with the classical design, the main outcomes could be outlined below:
(1) A shape-complicated blade described by a bent quadratic polynomial curve is obtained. The shape of the optimal Savonius blade looks like a "hook", with design parameters a 2 = 0.017902 and a 1 = 0.039233. To describe a more precise blade, cubic polynomial curve or higher order curve could be used in the future. (2) In terms of the average C p , the optimal Savonius turbine is superior to the classical design.
Optimization objective C p is significantly increased from 0.247 to 0.262. Moreover, the weight of the optimal blade is reduced by 17.9%. (3) The amplitude of instantaneous C m of the optimal Savonius is obviously higher than that of the classical Savonius. (4) Comprehensive performances of the optimal Savonius had gained high improvements during the entire period after optimization. However, wind turbine performance is not improved significantly in the returning process. This enlightens us that reducing wind torque during the returning process is a future trend.
This study intended to propose a new parametric design ideology to describe and optimize the Savonius wind turbine blade using the minimal design parameters. Depending on this optimal design of the Savonius blade, other design variables could be considered to further increase efficiency.
